
~ES STRENGTH OF
METALS AND ALLOYS

(ICSMA 8)

Proceedings of the 8th International Conference
on the Strength of Metals and Alloys

Tampere, Finland, 22-26 August 1988

Edited by ..
P. O. KETIUNEN, T. K. LEPISTO,

M. E. LEHTONEN

Volume 1

PERGAMON PRESS
OXFORD· NEW YORK· BEIJING . FRANKFURT
SAO PAULO· SYDNEY· TOKYO . TORONTO



The Influence of Plastic Fronts on the Limit Load
Capacity of Transversely Bended Beams in the Light

of Experimental Investigations

L. Chodor and Z. Kowal
Department oj Civii Engineering, Technological University oj Kielce, Poland

Summary--Analysis is made o~ ~he pho~omechanical ~es~s o~ ~he
propaga~ion o~ plas~ic ~ron~s in s~eel models o~ beams bended
by a concen~rat.ed force . Occurence of elast.ic nucleus under
concen~ra~ed load o~ ~he beam is shown, and ~he displacemen~ o~
~he cri~ical sec~ion t.o ~he riucIeus t r inge is quant.it.a~ively
presen~ed. Finally t.hecause o~ occurence of capaci~ies higher
~han ~heore~ical is accoun~ed for. Experimen~al re-s u.lt.s,are
compared wi~h ~heore~ical solu~ions.
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NOTATION

average, coefficien~ of variabilily of isochroma~ic
fringe order
pIas~ic isochromalic fringe order
load
~heore~ical elas~ic, plaslic load capaci~y
experimenlal elas~ic, plaslic Ioad capaci~y
leng~h o~ beam span
heighl of beam cross-seclion
slenderness ra~io of beam elemenl
lenglh of eIaslic nucleus of beam
heighl of elaslic core of cross-seclion Cor heighl of
plaslic zone plaslicized by shear forces - in Table 1)

lenglh of plaslic zone
dimensionless coordinale of beam lenglh

1 . INTRODUCTI ON

Classical lheorelical analysis of elaslo-plas~ic beams and slabs
(1,2] shows lhal plaslic zones will occur in lhe limi~ plaslic slale
in lhe form shown in Fig. 1. The accuracy of numer ical melhods
Cincluding finit.e elemenl me~hods) has been evalualed by comparison
wilh classical analyt.ic solulions (3,4]. However. lhe analyt.ical
resulls were oblained afler using many s1mpli~ying assumplions. which
according t.o Hill [1] mighl have led lo "approximalions ot: inde~ini~e
accuracy".

LacJc a reliable experimenlal verificalion o~ classical
solulions resulls in a hardly accurale inlerprelalion of lhe resulls
of numerical invesligalions. Lt, was suggesled in [4]. for example.
lhal lhe impossi bilit.y of oblaining fulI plaslicizalion



ot' t.he cross-sect.ion under a concent.rat.ed load result.s t'rom a t.oo
smal l number ot' t'init.eelement.s applied in t.he area ot' t.he neut.ral
axi s ot' t.he beam.
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FIG.l. Classical shapes ot' plast.ic zones

In t.he present. paper is made an analysis ot' t.he experiment.al
invest.igat.ions ot' t.he shapes ot' plast.ic t'ront.s carried out. in [5] on
t.he st.eel models ot' beams bended t.ransversely by concent.rat.ed forces.
The aim of t.his analysis is t.o compare t.heoret.ical solut.ions wit.h
experiment.al result.s, verit'y comput.er algorit.hms applied t.o t.he
det.erminat.ion of plast.ic zones, and t.o evaluat.e t.he shape of plastic

Ironts Clines reducing plast.ic zones) on t.he limit. load capacit.y ot'

t.ransversely bended beams.

2. EX PERl MENTALI NVESTI GA TI ON OF' PROPAGA TI ON OF' PLASTI C FRONTS
In (5) are described phot.omechanical t.est.sof t.he shape of plast.ic

front.s carried out. on 30 models C 5 series cont.aining 6 pieces each)
ot' one-span beams of rect.angular sect.ions C Fig.2 ). The models of
beams made of low mild st.eel ware loaded by a concent.rat.ed force in
midspan. The rat.io of span lengt.h L t.o t.he height. const.ant. CH=40 mm)
of t.he model cross-sect.ion was: ZA- L/H~ 4, 6, 8, 10, 12.
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Fig.2. Scheme of t.he t.est.
st.and

Fig. 3. Est.imat.ion of t.he plast.ic
isochromat.ic fringe order

Test.s of t.he model s were preceded by mat.erial examinat.ion.
Longit.udinal deformabilit.y of mat.er ial Cdependence of stresses on
longi tudi nal strains) and transverse deformability C Poisson's
coefficient. in the elastic and plast.ic range) were determined.
Average low yield point of mat.erial in seven samples was R=278.2 Mpa
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wi~h a s~andard devia~ion 19.2 Mpa.
Loading of" ~he models was accomplished by a hydraulic s~ren~gh

machine.
Simul~anei~y of" ~he measuremen~ of" ~he loading f"orce on f"orce

gauges FG CFig.2). s~rains on longi~udinal SL and ~ransverse ST
s~rain gauges • and coupling wi~h pho~ographying of" ~he isochroma~ic
f"ringe pa~~erns in ~he cover CO made of"epoxy resins was ob~ained by
means of"a measuring sys~em SOLARTRON in~egra~ed wi~h a minicompu~er
POP-11-04. A por~able ref"lac~ive polariscope PO was used f"or ~he
inves~iga~ions.

In [Sl are shown a number ot: pho~ographs ot: isochroma~ic f"ringe
pa~~erns in an op~ically ac~ive cover. and a ~echnique of"es~ima~ing
plas~ic f"ron~sf"rom~he pic~ures of"isochroma~ic lines.

Ob~aining a plas~ic isochroma~ic f"ringeorder was assumed ~o be a
cri~erion of" plas~iciza~ion of" ~he beam micros~ruc~ure. Pl. as t Le

Lsochrom.at Le fr Ln69 order N was es~ima~ed on ~he basis ot: ~he
pl

beginning of"~he nonlineari~y of"isochroma~ic order N measured a~ ~he
lower edga of"~he beam in ~he f"unc~ionof"load F CFig.3).

Transf"orma~ions of" ~he isochroma~ic lines pic~ure in~o rela~ions
F~N wara,made numerically by ~he me~hod described in [Sl. In Fig.3
are shown s~a~is~ical parame~ers of" ~hose rela~ions a~ selec~ed
poin~s of"a series of"six beams L/H=8.

3. PROPAGATION OF PLASTIC FRONTS
In Fig.4 are shown ~he successive shapes of" plas~ic f"ron~s in a

beam of" ~he series L/H=4 f"or loads F=0.96 • 1. 08 F •
pl

where F is a ~heore~ical plas~ic load capaci~y of" ~he beam. Plas~ic
pl

f"ron~s of" shapes shown in Fig. 4a, b. c. respec~ively. are f"ormed

1. 03 1. 07

wi~h load F increasing over elas~ic load F =0.67 F un~il a
el pl

comple~e plas~iciza~ion of"~he beam cross-sec~ions a~ dis~ance t f"rom
a concen~ra~ed f"orceis achieved.

(a)

~

/FpI=0.96
I

(e) F/Fpl =1.07 (d) F/Fpl=1.08
------!

lIH=4
IU.H=41

Fig.4. Shapes of"plas~ic f"ron~sin a beam of"~he series L/H=4



For a ser i es ot: beams L/H=6. 8. 10 and 12. t.he shapes and

propagat.ion of" plast.ic f"ront.s is similar (Fig. 5). The numbers shown

on t.he lines of" plast.ic f"ront.s are a rat.io F/Fpt.
The most. int.erest.ing f"eat.ure of lhe plaslic f r csrrt, is t.hat. an

elastic nucleus oj the beam is formed under a concent.rat.ed force and

a compiele plast.icizt.ion of" cross-seclions occurs at dist.ance t on

bot.h sides of the concent.rat.ed load.
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Fig.5. Propagat.ion of" plast.ic fronts in bearns of t.he series

L/H=6.8.10.12

Realisat.ions of plast.ic front.s (Fig.5) have an ·irregular shape

(jagged) due to the random shape and arrangement. of the cryst.allit.es

of real material.

The plastic fronts trend. determ1ned on the basis of a set of

realisations of" plastic f"ronls (Fig. 6a). is smoothed CFig.6b).
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Fig.5. Shape of plastic front in the theoret.ical plastic state of a

series of" bearns L/H=8: (a) a sel of" realisalions of plastic f r orrt.s ,

Cb) approximalion of" plastic front. t.rend.

A characler1st1c property of the front. 1s also that ils random

variability decreases wilh regression from a concentrated force or

with a decreas1ng cross-section effort.



4. PARAMETERS OF THE GEOMETRY OF PLASTI C FROt'HS
AND LIMIT LOAD CAPACITY OF BEAMS

In Fig.6b is plbŁŁed a plasŁic fronŁ Łrend Ccircles) observed in
lhe beams of lhe series
lower and upper fronls

L/H=8 subjecled lo load F= F The Łrend of
pl

can be described along Łhe whole lengŁh of
beam by pol ynomi als (lines 1. and ~ ). Cur ves 1. and g al-e pol ynomi als
of lhe fiflh order (5].

The resulls of approximalion of only parl of Łhe plasŁic fronŁ aŁ
dislance ~ H/4 f rom lhe load axis are quiŁe inleresŁing. Regression
curve ~ of equalion C/H=Y:3/2·Yl.015 - 1.1018C1-<) is almosŁ idenŁical
wilh lhe lheoret.ical equalion C/H=,13>2'-y"1 - 1Cl-() derived from
classica1 lheories for load equal Ło ŁheoreŁical plasŁic load
capaci ly F in sp! le Ol lhe facl t.hat.t-he beam' s load capaci Ły is

pl
not, yel exhausled. Thus t.he beam has a higher load capacity t.ha t, t t,

resulls Irom lhe classical lheory of plast-icily.
In Table 1 ara lisled slandard and average devialions in a series

ol six beams: limil alaslic Loa.d capacit-y F ,limit. plast.ic load
el,e

,and a1so 1englhs of t-he elast-ic nucleus of beam 2l/H,capacily F
pl,e

heighl of t-he zone plast-icized by shear forces 2C/H and l englhs of
p1aslic f rorrt, d/l - observed in t-he limit plasLic st-ate.

TABLE 1. Limit- load capaciŁy of beams
and paramet.ers Ol t-he geomet-ry of plast.ic fronŁs

łf~=21 -=*-- ił iU3 average
:!:st.andard d'2vialion•• .1

Series F F 2t. 2C dL/H el ,e p l, e

of beams F F --.:r- -IJ- -1-
pl pl

A 4 0.69 1.068 0.402 0.377 0.3.t
:!:0.02 ±0.036 ±0.008 :1::0.036 ±O.Ol

B 6 0.69 1.073 0.490 0.275 0.30
±0.02 ±0.019 ±0.031 ±O.008 ±0.03

C 8 0.66 1.063 0.563 0.200 0.3·1,
±0.01 ±0.035 ±0.024 ±0.004 ±0.02

D 10 0.67 1.064 0.618 O. 161 0.34.
±0.01 ±0.026 ±0.032 ±O.OlO ż O, 01

E 12 0.68 1.050 0.621 0.131 0.33
±0.01 ±0.027 ±0.045 ±O.OO? ::tO.01)

5.CONCLUOING REMARKS
A lheoret-ical est.imat.ion of l i mi t. load and

displacemenls Ol lransversely bended beams on Lhe basis of a plasLic
analysis Ol lhe st.ruct.uresshows considerable discrepancies IrOln Lhe
experimenlal resu1ls.



2) The way of applying load has a significanL inIluence on Lhe
mechanism of failure , shapes, and propagaLion OI plasLic IronLs. In
Lhe case of concenLraLed applicaLion ot' exLernal load an elasLic
nucleus of Lhe beam is t'ormed under a concenLraLed Iorce.

3) PlasLici~aLion of Lhe beam's cross-secLion occurs at Lhe fringe
of Lhe elasLic nucleus.

4) O::currenceof Lhe elasLic nucleus under a concenLraLed load e
or reacLion ) causes an increase in Lhe plasLic laad capaciLy aI Lhe
beam bended Lransversely over a LheareLical plasLic load capaciLy.

5) In areas which are riot, included in Lhe reducing influence af
surface loads ( ouLside Lhe elasLic nucleus of Lhe beam) Lhe expecLed
plasLic fronLs are well described by Lhe engineering Lheory of beam
bending.

6) The meLhod of finiLe elemenLs can orily be used Lo a visual
demonsLraLion of plasLic zones in sLrucLural elemenLs because Lhey
show imperfecLiQns clase Lo Lhe magniLude of a IiniLe elemenL.
DeLermi naLion of". plasLic f rorrt.es reducing plasLic zones, obLained by
Lhis meLhod, should, be supporLed by experimenLal invesLigaLions.

7) The limiL load capaciLy af beams bended Lransversely by a
concenLraLed force can be deLermined from equilibrium equaLions on
Lhe b~sis of.~ Lhe LheoreLical load capaci t.y cross-secLi on P under

pL

Lhe condiLion of proper 10calizaLion ot' plasLic joinLs.
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