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ABSTRACT

This paper presents tbe principles o/ discretisation of randomly deformable bodies in the
stochastic finite elements. By a stochastic jinite element is understand a subarea of a body whose
characteristic are treated as random variabies and not as stochastic processes.

Basic theorems are provided to enable discretisation of the stochastic process which describes a
random characteristic of a body on a sequence of random variabies which are the local mean of
field in tbe area of a finite element

The work is ilIustrated with examples o/ the discretisation of a stochastic processes of the cor­
relation function witb exponential and power class, and the estimation of covariance matrix of the
original and differential of Fourier's series.

1. INTROOUCTlON

The characteristic of tbe structure are a vector ran dom field in time-space. The coordinates of
time-space: vector of location of tbe material point of the strueture, and time are non-random
parameters of the random field of the structure. Among random characteristics of the structure
one can distinguish geometry, parameters or material funetions. and boundary conditions. Since
load depends on the kind and configuration of the structure, the structure's characteristics also in­
clude static and kinematic input functions,

Division of a randomly deformable structures into the Stochastic Finite Elements is one of the
basic problems of tbe Stochastic Finite Element Method. The principles of the Stochastic Finite
Element Method are described in papers [1,2].

Discretisation of structures realisation (one of its item) is analogous to widely recognized dis­
cretisation in the classical (deterministic) of Finite Element Method. lt is reduced essentially to
providing a way of approximation of dependent variabies (displacements, stresses, etc.) in inside
the set subareas in tbe function of respective dimensions in the nodes of these subareas.

Division of structures into stochastic finite elements is essentially a discretisation of a con­
tinuous random field which in the one-dimension case, is degenerated to the stochastic process.

This paper provides the principles of discretisation of random field of a structure in relation to
non-ran dom parameters, Le. space-time coordinates. Continuity of the field in the space of random
elementary events.

The discretisation of the continuous stochastic process was performed by substituting it for a
sequence of ran dom variabies. These variables are local mean values of the process in the subareas
of the structure.
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2. A STOCHASTIC FINITE ELEMENT

Let's consider a veetor stochastic process XO) dependent on a scalar parameter t. With the we
of this model it is possible to deseribe, for example, a random process of the characteristics of rod
section. X(x) = { Xl(X), X2(x), XJ(x), ... } = { area of cross-seetion, inertia moment, plasticity
limit, ... } according to place x on the rod length. Also, load 5(t) is a stochastic process in time t.

Discretisation of the continuous stochastic process X(t) will be penormed by replacing it by a
sequence of random variabIes

lit 1X-zrI I

t .T\ I! X(t) dt,
t -TI I

(l •• 1, 2, .... l (I)

(4)

on segments of length ITi and centre at point tj. Variabies (I) defined by Riemann's stochastic in­
tegral are local means of the process X(t) in intervals [ti-Ti, ti+TiJ. The continuous parameter t
(continuous time) was reduced to discrete indices i (discrete time).

X

Fig. 1Realisation ot discretised stochastic proeess

In Fig. 1 is shown the realisation of a discretised scalar stochastic process X(t).

Segment [ti-Ti, li+TiJ of length ITi is one-dimensional stochastic element < i >, and vanable
Xi is a vector of the charaeteristics of this element. An element < i > is material if parameter t is a
spatial coordinate. Anelement< i > is temporaI if parameter t is time,

3. DISCRETISATION OF THE STOCHASTlC PROCESS

Below are given theorems concerning discretlsation of a vector stochastic processes.

Theorem 1: Expected value and covariance ot the characteristics ot stochastic processes
T

Let "x(tl" EIX(t»), Rxx(tl,tJl. EIX(tllXT(tJ)1 and exx(t\,tJ). Rxx(tl,tJl- "x(tl) "x(tJ)

be trend, autocorrelation function, and autocovariance functionof the stochastic process, rcspec­
tively.

If random variabIes Xi and Xj are local mea o values of this process on segments ITi, ITj:
tl>TI tJ.TJ

X •• 2i· ! X(t) dt and X •• 2i ! X(tl dt, (2).I I t -T JJ t -T. I I J J

then: I) expeeted value Mk of variable Xk (k = ij) is
t +T

1 t t
II· EIXtl. 2T ! "X(T) dT. (3)
t k tt-Tt

2) covariance ofvariables Xi and Xj ist +T

. 1 I I
Covlx .X l· 4'fr !I J I J t-TI I
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Prool:

1 M z EIX I- Er~ J X('t) d'tJ- ai J EX('t) d'P zl.. J Mx('t) d't.• I< I< l~'I 2T I 2T , 2TI I I

2. Let's note, that Cov[Xi,Xj}= E{XiXjT]-E[Xi]E[Xl,whereas tlte expeeted value of the produet
of variabIes is

Elx XTI.[ 2}- J X('t) d'tJ. [:~}- J X('t) drf ••
I J I 2TI J 2TJ

1 T 1
• iTT J J EIX('tI)X ('t Jld'tld't •• 4T T J J Rxx('tl, 't )d'tld't .

I J 2T 2T J J I J 2T 2T J JI J I J

Remarks:

l. Theorem l concems homogeneous and non-homogeneous processes X(t).

2. If the charaeteristics of an element < i> are process X(t), and the characteristics of an element

<j > are process Y(t), then ~ovariance of mean Xifrom process X(t) along the length of element
< i> and mea n Xj from process X(t) along the length of element <j > , will be calculated from (4)
lIsing the function of mutual covanance CXY of these processes:

t +T t +T

1 I I J J

CovIX1·X 1= 4T T j J Cxy('tI,'tJ)d'tld't( (5)
J • I l t -T t-T

j I J J

!heorem 2: Dependence between the covariance o, stochastic e/ements and variances

Let's make local means (1) Xi, Xj, Xo. Xi", Xoj, Xij on segments 2Ti, 2Tj, 2To, 2Tio, 2Toj,2Tij,
"~,'peclively,

II' lhese segment s are determined by the nodes of stochastic elements in the way shown in Fig. 2,
Ihen there occurs:

Cov(X .X 1= ~[T2yar[X J- T2 VarlX J+ T2 VarlX JJ-T2oVarIXJoJ)I l I J o o 10 10 IJ, I J (6)

.•..•""---"==~'""------.~'<j>1l-t
2T

2To'

Fig.2. Denotes used in Theorem 2

Prool;

1. Let 's note first that the folIowing dependence occurs:

2(T X )(T XTJ. (T X )2_(T X )2+(T X )2_ (T X )2.
I I J J o o 10 10 IJ I J JO JO

This identity can be easily eheeked by substituting dependencies resulting fromthe properpies of
integrals and Fig. 2:

TloXlo= TIXI+ ToXo' T,l,J= TIXI+ Tlt ToXo' Tolot Tlt ToXo'

Also the folIowing identity occurs for the expeeted values of local mean values:

2(t IEXI)(T JEXJ) T. (ToEXoJ2_(T 10EXIO)2+{T IJEXIJ)2- (tJOEXJO)2,
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;n can be easily checked in analogous y/ay.

2. lt folIows from the above identities that:

CovlX .X )_ ElX XT) -ElX IElX )T -
1 J 1 J 1 J

-E(,J...."... I(ToXo)2-(TloXI )2+(T X J)2_(T X )2)) -••• 1l J o IJ 1 JO JO

-( ~ l (ToEXo)2_(TI0!X10)2+(TIJ!XIJ)2- (TJOEXJo)2))-

_ ri-r (T:(ElX:)-ElXo)2)-T2 (Elr )-ElY )2)+T2 (ElX2 I-ElX )2)_1 J 10 10,0 IJ IJ IJ

- T~0(El~01-ElXJOI2»).

We get hence the thesis of Theorem 2.

Remark:

From Theorem 2 it is possible to calculate covariance between stochastic elements on the basis of
variance in four areas containing these elements, and the segment contained between them. TIs

property can be helpful in the estimation of covariance on the basis of the results of experimental
measurements.

Tb,or,m 3. COvariance ot a staliooarv diseretised stochastie process

Covariance of variabies Xi and Xj defined in Theorem l, obtained by averaging of the station­

ary process X(t) is:

(7)

wbere:

{ IT- loT.
a(A~)~ IT- IA~ -Atl

lf At-AT< A~ <At+AT.

ln other cases.

6T 4

6t+tT

6t-"T

6tH T

6t-tT

II
-------~--II

I
I

___ . L. _I

t

Fig.3. Integration area ot the correlation lunetion In Theorem 3

Proof:

For a stationary process, there occurs CXX(Ti,Tj)= CXX(Ti-rj)= CXX(.1T). After substituting vari­
ables ti for At in (7), we get:
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t· +T t +T ""T
1 J J I I )

Cewcx .X J. W"T I I' Cxx(dT) d(A't)dT ,I J IJ t-T t-T-T ~
J JI I J

1'ht~~ C8Ilbecffective1y integrated by 'Ij. In Fig. 3a is represented the integration
~~l.be case ol li> -Tj ,wllile in Fsg.3b - in the case Ti< Tj.

1Il._ <:&$eiQeesradon«8)canbe rewrluen in the following way:
At-aT t +T AU"T t +T

4TltJCovlXI,X J. J JI J c d(AT) dT + I JI ' c d(.6T)dT'.' iti J xx J

At-%r tJ+T,-IAT-At+~) At-"r t,"r,

At-.1T t +T
+ t'I J c d(A-r) dTII[ J

At-tylo+T -IA'f-6t+tTI
J J',

Alo-"r

- ! (AT-At+IT) ,cn d(AT)+
At-tr

+
At+"r

J 2TJCXX d(AT) +
At-.1T.

At+:ET

I (-A'f+At+IT) Cxx d(AT),.
At+"r

(9)

where: At-LI-t J' "T- TI-T,' IT= TI+ TJ'

m tbe case Ti <T,j we sbalIObtain a similar result if instead of aT we shall substitute AT= 1Ti-Tj I.
and instead ot.Zfj we <slJalIsubstitute min(m, trj). Taking into consideration relations between At
and 6.•in particuiarintegratiol'l illtervals.and identity rnin(2Ti, 2Tj)=IT-AT, we get therefore the
thesis ot ~ J. '

Rernatks:

1. 1n'l'1uorem 3 theprocess "(1) mUStbe stalionary, but its ergodicity is not required. This theorem
ge.neralius knownresulu for variance of the mean time of stationary process [5,6]. This concerns
COYIlrianc:eofvariabIes (3) averaged on segments of dijferent length.

2. Variable At is a distance between stochastic element centres and substitutes distance A.•between

points of continliOUSprocess.
3.Ifl ••j.then IAtl =IT (concerning covariance).

Hi";j, then Al=O (concerningvariance).

Concluslons:

1. If the discretisations of"the stationary stochastic process are performed on elements of equal

lengtJl ( ZTj= 2Tj = 2T). then il follows from Theorem 3 that

't IIt+2T[ . IIIT""lItI).Cov[XI, X J. -- ! 1-" 2T C(IIT)dAT, 2T At-2T

In the <:aseofsuccessive Dumeration ol elernentsarranged on a line we have: At = 2T(i-j), where
(j..j) lsthe differenceof element numbers.

2. V&rlanees of themean Iocal Xi·"wilJ be obtained after substituting .1t=O in formula (7) and

taldng intoaceount the cvenness ofautocovariance CXX(A.•) = CXX(-A.•).
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4.EXAMPLES

The fo1lowing examples show the ·applieatioD ·ofthe theorem, proved to specifiea~on of
covananc:e matrix between the charaeteristics of stochastic elements described by means of station­
ary stochastic proc:esses with the col'Telation funetion exponentialor power cIass.

Exampl' 1: DIscret/sation ot the srat/onaty process In a hOmOgeneousare from the cor­
re/at/on tunetlon ot exponentlal CIass.

Let's consider discretisation of stochastic .proc:esses with a correIatiol1 funetion given by the for-
mula '.

(lO)

where A>O, CI"'! 1,2 . Dependenc:e (10) describes exponential class of the col'Telation funetion of
random stationary fields in a wider sense [4].

Beeause the Ouetuation scale 8 [3]

• .• CI {-2/A fol' _1. < •e-! CIAT) dAT = 2! expl-AIATI )dAT = o==-'_ o yK/A fol' «",2,

( is finite ), then process from the col'Telation funetion (10) can be ergodic (it is possible to show,
that it is the ease).

From formula (7) we bave:

(11)

where: J n-AT, li At-AT< AT <At+AT.alAT)l n-lAT-At I 1n othel' cases.

If ll=2, then integral (11) is not expressed by analytical funetions, and it sbould be determined
numerically.

If ll= 1, then after ~ntegration described in (11), we get

Cov[X .X l~ --1-1coshIA'IT) - cosltIA'AT)l'expl-A'At)
l J 2A 2.r T (121)1 J

Var[X l- _1_ [ 2AT1- 1 + expl-2AT,) ]1 2A2T2 (12b)
1

where:

,
.At= tl-tJ• n= T1+TJ• AT=-IT1~TJI.

From Theorem 2 we obtain an identical result

Example 2: Dlseretlsatlon ot the stationary proeess In a homogeneous are trom the corre/a­
t/on funet/on ot power e/ass.

Let's consider discretisation of stochastic processes witb a cOl'Telation functlon given by the for­
mula

(13)

where A >{) • ll= 1,2 . Oependenc:e (13) describes a power class of the correlation funetion ofran­

dom stationary fields in a wider sense (4).
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The tluctuation scale 9 [3] is

e'" j e(ATl dAT '" 21 1/(t+A!ATllXldAT '" {Gl for _l,-Gl o . ff/o/A for «'"2.

The process frLm the correlation function(l3) is not ergodic for «= 1. and it can be ergodic for
« =2 (il is possible to show, that it is ergodic in essence).

Discretisation of the process will be performed by division ofaxis tinto elements of equal length
2TI = 2Tj = 2T. From formula (7) we have

. COv[X .X la _1_ At.;2T[1_IA2;AtJ I/(l+AIATIClldAT.
I J 2T At.-2T

From (14), we get

[(A'At +ll1og(A'At +11-2(A'At+1l1og(A'At +11+t . t . 2

(A'At +111og(A'At +11] for2 2

COv[XI·XJ1'" 8A~2(2o/A'At t [arctg(o/A'Att >-arctg(o/A'At l 1+

+ 2o/A'At2[arctg(o/A'At21-arctg(o/A'Atl)

( lSa.b)

- log(A'At2+11 + 21og(A'At2+1>-

t
- log(A'At:+11 ]

for
1l=2.

VarIX,' X,)- {

---1_--(2AT+1110g(2AT+ 1>-2AT]
for

«=1,
2A2T2

_1_(4o/A'T.arctg(2VA' Tl-

log(4A'T2+1l]

( 16a,b)

for

«-2.
4AT2

Discretisation of Iinearly represented stochastic proeesses is shown in ExampJe 3.

Example 3: Covar/ance matrix o, the orig/naJ and d/fferential o, Fourier's series.

The basic stochastic process X < i> in an element < i > is given by formu)a:
n

X I '(T1al1:I(A COS(W Tl+B sln(w Tl)< > la . 1 l 1 l' (17)

where Ai. B; are sequences of non-correlated random amplitudes of a mea n equal to zero:

E[AiAj] = 0, E[AiBiJ = 0, E[BiBj] = 0, E[Ai] = 0, E[Bi] = ° and homogeneous variances
Var[Ai) =E[A?] =Var[Bi] =E[B?] = a?Frequencies •••iare deterministic.

Trend and the 8utocorrelation function of proeess (17) is
n

. M<l>'" O '. R '" E[X(T-ATIX(T) 1= 1: !T2 cos(w AT).<1><1> . I-l I' I
(18)

so the process isstationary. Let's assumethat in element <j> is spread process X<j> • which is

the differential ol proeess (17), i.e. linear operator A = d/dt. Thus we have:
••

X . {T)otdX (T-Atl/dT'" 1: w [-A sln[w (TMAtl)+B cos[w (T-At)]]. (19)
<J> . <I> l_l I I I ! I

It is fiossi!?le to calculate that the expectedvalue and the autocorrelation funetion of process X <j>
.is:
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n 2 .. Da ()
R<J><J>C4T)·1~1 "'Ierl d[slnC"'ICTl-4t·~2+4t)J/dTl·I~1 "'Ier: cOSC"'14T). 22

Since correlation funetion (21) and (22) are stationary, then vanances and covanances between
local means, is possible to calculate using Theorem 3.

5. CONCLUOING REMARKS

This paper has provided the folIowing theorems which enable discretisation of a body whose
charaeteristics are descnt>ed by a veetor stochastic process: 1) ~;th the expeeted value and
covariance of the charaeteristics of stochastic elements, 2) with dependence between covariance of
slOchastic elements and variances, 3) with covariance of stationary discretised stochastic pr(lcess.

Oiscretisation or a body into stochastic elements is in essence averaging of a stochastic process
in the area of these elements, and changing it into a sequence of random variabies.

Practical application of these theorems to the estimation of covariance matrix of the charac­
leristics of the finite stochastic elements with a correlation function of exponential and power c1ass
;md the estimation of covariance matrix of the onginal and differential of Fourier's series.
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STRESZCZENIE

W pracy podano zasady dyskretyzacji losowo odksztalcalnych cial na stochastyczne elementy
skonczone. Przez stochastyczny element skonczony rozumie sie podobszar ciala, ktorego cechy
traktowane sa jako zmienne losowe, a nie jako procesy stochastyczne.

Podano podstawowe twierdzenia umozliwiajace dyskretyzacje procesu stochastycznego na ciag
zmiennych losowych, bedacych srednia lokalna pola w obszarze elementu skQnczonego.

Prace opatrzono przykladami dyskretyzacji procesu stochastycznego o funkcji korelacji klasy
wykladniczej i potegowej, a takze estymacji macierzy kowariancjioryginalu i rozniczki szeregu
Fouriera.


	Str69.pdf
	Str70
	Str71
	Str72
	Str73
	Str74
	Str75
	Str76



