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ABSTRACT

This paper presents the principles of discretisation of randomly deformable bodies in the
stochastic finite elements. By a stochastic finite element is understand a subarea of a body whose
characteristic are treated as random variables and not as stochastic processes.

Basic theorems are provided to enable discretisation of the stochastic process which describes a
random characteristic of a body on a sequence of random variables which are the local mean of
field in the area of a finite element.

The work is illustrated with examples of the discretisation of a stochastic processes of the cor-
relation function with exponential and power class, and the estimation of covariance matrix of the
original and differential of Fourier's series.

1. INTRODUCTION

The characteristic of the structure are a vector random field in time-space. The coordinates of
time-space: vector of location of the material point of the structure, and time are non-random
parameters of the random field of the structure. Among random characteristics of the structure
one can distinguish geometry, parameters or material functions, and boundary conditions. Since
load depends on the kind and configuration of the structure, the structure’s characteristics also in-
clude static and kinematic input functions.

Division of a randomly deformable structures into the Stochastic Finite Elements is one of the
basic problems of the Stochastic Finite Element Method. The principles of the Stochastic Finite
Element Method are described in papers [1,2].

Discretisation of structures realisation (one of its item) is analogous to widely recognized dis-
cretisation in the classical (deterministic) of Finite Element Method. It is reduced essentially to
providing a way of approximation of dependent variables (displacements, stresses, etc.) in inside
the set subareas in the function of respective dimensions in the nodes of these subareas.

Division of structures into stochastic finite elements is essentially a discretisation of a con-
tinuous random field which in the one-dimension case, is degenerated to the stochastic process.

This paper provides the principles of discretisation of random field of a structure in relation to
non-random parameters, i.e. space-time coordmates Continuity of the field in the space of random
elementary events. !

The discretisation of the continuous stochastic process was performed by substituting it for a

sequence of random variables. These variables are local mean values of the process in the subareas
of the structure.
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2. A STOCHASTIC FINITE ELEMENT

Let’s consider a vector stochastic process X(t) dependent on a scalar parameter t. With the use
of this model it is possible to describe, for example, a random process of the characteristics of rod
section X(x)= { X1(x), X2(x), X3(x), ... } ='{ area of cross-section, inertia moment, plasticity
limit, ... } according to place x on the rod length. Also, load S(t) is a stochastic process in time t.

Discretisation of the continuous stochastic process X(t) will be performed by replacing it by a
sequence of random variables

t +T
11

af 1 )
X = [ X(t) dt, (=1, 2, .... 1
s S m

1 1
on segments of length 2T; and centre at point ti. Variables (1) defined by Riemann’s stochastic in-
tegral are local means of the process X(t) in intervals [t;-Tj, ti+ T;}. The continuous parameter t
(continuous time) was reduced to discrete indices i (discrete time).

stochastic finile
element <i>

Fig.1 Realisation of discretised stochastic process

In Fig.1 is shown the realisation of a discretised scalar stochastic process X(t).

Segment [1;-Tj, ti + T;] of length 2T; is one-dimensional stochastic element <i>, and variable
Xi is a vector of the characteristics of this element. An element <i> is material if parameter tis a
spatial coordinate. An element <i> is temporal if parameter t is time.

3. DISCRETISATION OF THE STOCHASTIC PROCESS
Below are given theorems concerning discretisation of a vector stochastic processes.
Theorem 1: Expected value and covariance of the characteristics of stochastic processes
Let M (t)= EIX(t)], Ry (¢, t )= ECX(t)X"t )] and Oty b)) Ry NUNLRES NORR 4N

be trend, autocorrelation funcnon and autocovariance function of the stochastic process, respec-
tively.

If random variables Xi and X; are local mean values of this process on segments 2T, 2T;:

tl+T‘ . t +T
. 1 1 .
. x = ET— I X(t) dt and . x,- ET— f- X(t) dt (2).
I . 3 z, rj
then: 1) expected value Mk of variable Xk (k=ij)is -
H R - 1 tKOTk s
'H « E[X }% 2 f H (t) d't. 3)
A x 2‘1" ¢ -7 )

2) covhriance of variables X; and Xjis
. ’ t‘ﬂ' |.~’ o‘l‘, =

' ' 1 ,

Cole‘,le-, ar 7 i) Cu(tl,'t’)dt‘d‘tj. . (4)

; : S L t’-r .
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Proot:
1 =L M (1) &
1. K EIX = z[ﬁ- I X0 d't] ot § B e —Tl .:T (1) dr. 1
‘ i

2. Let’s note, that Cov[X;,Xj] = E[Xi X, ]-E[X.]E[X ,] whereas the expected value of the product
of variables is

E[x X ]=[ = J X(T) d‘t] [ J X(x) dt] =
1 21, 21, QT; 21

1
-,r— J'J'E[x('t)x('r)]dtdr = J'J‘R (t 't)dtdt
2T ZTJ 4T1T] 2T 2TJ
Remarks:
1. Theorem 1 concerns homogeneous and non-homogeneous processes X(t).
2. If the characteristics of an element <i> are process X(t), and the characteristics of an element
<j> are process Y(t), then ~ovariance of mean X; from process X(t) along the length of element
<i> and mean Xj from process X(t) along the length of element <j> , will be calculated from (4)
using the function of mutual covariance Cxy of these processes:
t +T t T
1 b]

CoviX X )= = iy ) C ('t t)dtdt. 5
o 4.T|T; §oT T ©)

Theorem 2: Dependence between the covariance of stochastic elements and variances
Let's make local means (1) Xi, X;j, Xo, Xio, Xoj, Xij on segments 2T;, 2T}, 2To, 2Tio, 2ZToj, 2T, -
respectively.
if these segments are determined by the nodes of stochastic elements in the way shown in Fig. 2,

then there occurs:

- .1 a2 2 2
CoviX . X ] ﬁTiT[T;Varlxol TiVar(X, 1+ T; Ver(X, ] TJOVar(xml] ©

R

2T, 1 2T, 2T,

2Toj

2Ty
Fig.2. Denotes used in Theorem 2

Proof.
1. Let’s note first that the following dependenee oceurs:

= - 2
2('[‘ X )(T X ) (T Xo )2 ('rmxw) +(T”X”) (rjoxw)

This identity can be easily checked by substituting dependencies resulting fromthe properpies of
integrals and Fig. 2:

'r’oxw=rxwrx s lexi.l TX+TX+TX TOJXO’BTX+TX

Also the following identity occurs for the expected values of local mean values:

Z(TD()(TD()'(TEX)-(T oF%, )*(T EX )‘(T]OB(JO) ,
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:1 can be easily checked in analogous way.

2. It follows from the above identities that:
CoviX,.X 1= s(xlle -EIX, ]E[X,l' =

- 1 2, 2 2 2
s[ﬁ;,: (T )T, %, )%, X, 01, % 0%1] -

3 2_ 2 2_ ]
[Eﬁrj (T80T, 8%, )%e(T, B, 0% (T 8K, ) 1]-
. 1 2 oF 2 12 - 2y .12 2 2
T [ro(s(x§1 ELX)%)-To (ELX: 1-EUX 1*)+T7 (E(X] )-ELX, 1%)-
T2 (B, 1B ) )].

We get hence the thesis of Theorem 2.

Remark:

From Theorem 2 it is possible to calcuiate covariance between stochastic elements on the basis of
variance in four areas containing these elements, and the segment comtained between them. Tis
property can be helpful in the estimation of covariance on the basis of the results of experimental

measurements.

Theorem 3. Covariance of a glatignary discretised stochastic process
Covariance of variables X and X; defined in Theorem 1, obtained by averaging of the station-
ary process X(t) is:
CovtX. X 1o e T abTIC,
oviX ,X )= a(AT)-C__(AT) d(Ar) ,
R aphss s 0

where: IT- 4T, if AL-AT< AT <At+AT,
a(at)= 1 oy. |aT -At] in other cases.

At=t -t , IT=T+T, AT= |T‘-TJ|,

At+ETf------- At+Z T
A+ Themmmmmm At—-6T
at-8 Tp=---mmm ' - At+6 T

' B

. ; N
At~ETp-vmmm=m foounn - At-TT

] 1
=T L+T t

Fig.3. Integration area of the correlation function in Theorem 3
Proof:
For a stationary process , there occurs Cxx(sizj) = Cxx(vij) = Cxx(Ar). After substituting vari-
ables t; for At in (7), we get:



73

- 1 ©5*%y ‘:"n'f .
‘ Cov[x .x }= T I K C (&t) d(At) dr.. 8) .
R R L
Yy
maboveapteﬁmmbeeﬁecuvely integrated by +. In Fig. 3a is represented the integration
aren in the case of Ti> =Ty, while in Fig. 3b - in the case Ti< Tj.
h&eﬁmmmmm(ﬁ)mbemﬂmnmthefoﬂmngway'

At-4T ¢t o‘r Av+8T ¢ ﬂ'
4T, ‘!' JCoviX X 1= § g Cye 4l8T) dT v S ig s Cdlat)ar

At-TT t’ot’-(At-Atd't'r) At-8T z‘-r,

AL =3T ¢t o1 Ac-371
+ f 5 e, atan) dr = J (AT-At+IT) €, d(s7)+

Ar-ET ¢ o‘l“ 1(&1’-&411') At-Zr

At +3T At+FT
+« ZT’C“ d{ar) + f (-4T+At+ET) c“ d(At),.

At-8T v Av+3T )
where: M't;tj. &T= T,-T,. ET= T+ T,

In the case Ti <Tj we shall obtain a similar result if instead of 8T we shall substitute AT = {Ti-Tj},
and instead of 2T; we shal substitute min(2T;, 2T;). Taking into consideration relations between at
and A+ in particular integration intervals, and identity min(2T;, 2T ,) =3T-AT, we get therefore the
thesis of Theorem 3.

Hemarks:

1. In Theorem 3 the process X(t) must be stationary, but its ergodicity is not required. This theorem
generalizes known results for variance of the mean time of stationary process [5,6). This concerns
covariance of variables (3) averaged on segments of different length.

2. Variable At is a distance between stochastic element centres and substitutes distance ar between
points of continuous process.
3.If i, then |at] = =T (concerning covariance).
Ki=j, then At=0 (ooncermng vanance)
Conclusions:

1. If the discretisations of the stationary stochastic process are performed on elements of equal
length ( 2Tj= 2T = 2T), then it follows from Theorem 3 that

. Ats2T .
- CoviX , x Loy [1— J%;.Aﬂ] C{Ar)daT )
, 2T At-zr

In the case of successive nymeration of elements arranged on a line we havé.: at= 2T(i-), where
. (i+)) is the difference of element numbers

2. Variances of the mean local X;. will be obtamed aftcr substituting At=0 in formula (7) and
taking into account the evenness of antocovariance Cxx{ar) = Cxx(-as).
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4. EXAMPLES _
The following examples show the application .of the theorem, proved to speciﬁca@fon of

covariance matrix between the characteristics of stochastic elements described by means of station-
ary stochastic processes with the correlation function exponential or power class.

Example 1: Discretisation of the stationary process in a homogeneous are from the cor-
relation function of exponential class.
Let’s consider discretisation of stochastic processes with a correlation function given by the for-
mula ) L
C(az)="exp(-A|aT|™) * (10)

where A>0, e=12. Dependence (10) describes exponential class of the correlation function of
random stationary fields in a wider sense [4].

Because the fluctuation scale 6 [3}

L o= ) « -2/A  for a=1,
-A|AT]|T)dAT = { *®
6= I C(sx) dav = 2 expl-Alar]) V7K~ for a=2,

( is finite ), then process from the correlation function (10) can be ergodié (it is possible to show,
that it is the case). ‘

From formula (7) we have: .
. 1 At+2T «
Cov[Xl.x’-]- —_ § alst) exp(-AjaT| )daz.
: AT, T, Ae-Zr (11)
where: o) ST-AT, if At-AT< AT <At+AT,
at8TIN zr-|ar-at| in other cases.

If a=2, then integral (11) is not expressed by analytical functiohs, and it should be determined
numerically.
If « =1, then after integration described in (11), we get

Cov[x|,x’]= ! fcosh(A+ET) - cosh(A«<AT)]+exp(-A+At)

2A°1,T) (12a)

1
var(X, ]« [2A‘I‘-1+e (-au)]
* %2 ! e ! (12b)

where: At= tl-t}. IT= T\ 4T,  &T= |T|-'T’ |-
From Theorem 2 we obtain an identical result.

Example 2: Discretisation of the stationary process in a homogeneous are from the correla-
tion tunction of power class. .
Let’s consider discretisation of stochastic processes with a correlation function given by the for-
mula ‘

Clat)= (1+a)ar|®)™! (13)

where A>10, a=1,2. Dependence (13) describes a power class of the correlation function of ran-
dom stationary ﬁeld; in a wider sense {4].
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The fluctuation scale o [3] is

{ © for aml,
n/VA for a=2,

The process from the correlation funcnon (13) is not ergodlc for a=1, and it can be ergod:c for
a=2 (it is possible to show, that it is ergodic in essence).

o= I C(dv) dar = z.r 1/(1+A|A‘t| Jabt =

Discretisation of the process will be performed by division of axis t into elements of equal length
2Ti= 2T1 2T. From formula (7) we have

Ate2T
Ar-At
CoviX.X ]z — S (1~ 17_1 17(1+A|aT|%)dAT. 14
‘ 2T -2t (4
From (14), we get - 7
[ 1 . - . .
i [(A-Atl-rl)log(k At +1)-2(A+At+1)10g(AsAt +1)+
(A-Atzﬂ)log(A'Atzﬂ)] for a=l,
CoviX ,X 1= { —1—[ 2vA+At [arctg(vA-At )-arctg(vA-At)]+
1" 7y 8AT? 1 1 i
+ 2VA-at [arctg(VA-at, )-arctg(vA-at)] (15a.b)
- 1og(A-Atf+1) + 2log(Asat3+1)-
| - log(A-at2s1) ] . for a=2.
> [(z.u +1)10g(2AT+ l)-ZAT] for asl,
2a%1?
var(X ,X I= { (16a,b)
v [w* A-Tearctg(2vA-T)- log(dA-T+ 1)] for a=2.
| aaT?l :
where: Atli At-2T, At2= ‘At+2T,
Discretisation of linearly represented stochastic brocesses is shown in Example 3.
Example 3: Covariance matrix of the original and differential of Fourier’s series.
The basic stochastic process X <i> in an element <i> is given by formula:
n
x<1>(ﬂ*;§1[A1°°S(“’1t)*315m("’|t)]. . . an

where A;, Bi are sequences of non-correlated random amplitudes of a mean equal to zero:
E[AiAj] =0, E[AlBl]=0 E[BlB,] 0 E[Ai]=0, E[Bj]}=0 and homogeneous variances
Varl[Ai] = E[Ai ] Var[Bi} = E[B; J= o2, . Frequencies wi are deterrmmsnc

Trend and the autocorrelation function of proccss 17 i is

"M =0 - R 1
V_M“> o, R<1><x E(x(t AT)X(T) ] Za' cos(u &), (18)

5o the process is stationary. Let’s assume that in elemem <j> is spread process X<j> , which is
the differential of process (17), i.e. linear operator A= d/dt. Thus we have:

(t)-dx (T-At)/d‘t' : v [-A sinlo, (z=at)1+B, coslw (r-at)1], (19)

Ttis possnble to calculate that the expected value and the autocorrelanon function of process X <j ,>
- is
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M =M /dt= 0, )

<l><’>(At)= }: o, d[cos[u ('c -t -At))]]/dt = }: w o sin[u (AT+At)], . ' 1)
R iey, (BTI= E : o, 7 dlsin(w, (v -At-7 +at) l/dv, = 2 o crf cos(w 47). (22)

Since correlation function (21) and (22) are statlonary, then variances and covariances between
local means, is possible to calculate using Theorem 3.

5. CONCLUDING REMARKS

This paper has provided the following theorems which enable discretisation of a body whose
characteristics are described by a vector stochastic process: 1) with the expected value and
covariance of the characteristics of stochastic elements, 2) with dependence between covariance of
stochastic elements and variances, 3) with covariance of stationary discretised stochastic process.

Discretisation of a body into stochastic elements is in essence averaging of a stochastic process
in the area of these elements, and changing it into a sequence of random variables.

Practical application of these theorems to the estimation of covariance matrix of the charac-
teristics of the finite stochastic elements with a correlation function of exponential and power class
and the estimation of covariance matrix of the original and differential of Fourier’s series.
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STRESZCZENIE

W pracy podano zasady dyskretyzacji losowo odksztalcalnych cial na stochastyczne elementy
skonczone. Przez stochastyczny element skonczony rozumie sie podobszar ciala, ktorego cechy
traktowane sa jako zmienne losowe, a nie jako procesy stochastyczne.

Podano podstawowe twierdzenia umozliwiajace dyskretyzacje procesu stochastycznego na ciag
zmiennych Josowych, bedacych srednia lokaina pola w obszarze elementu skonczonego.

Prace opatrzono przykladami dyskretyzacp procesu stochastycznego o funkc_u korelacji klasy
wykladniczej i potegowej, a takze estymacji macierzy kowariancji oryginalu i rozniczki szeregu
Fouriera.
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